Shell Model Monte Carlo (SMMC) techniques are used to calculate twoneutrino double beta decay matrix elements. We validate the approach against direct diagonalization for 48 Ca in the complete pf -shell using the KB3 interaction. The method is then applied to the decay of 76 Ge in the (0f 5/2 , 1p, 0g 9/2 ) model space using a newly calculated realistic interaction.
The double beta (ββ) decay of a nucleus is a rare second order weak process [1, 2] . The as yet unobserved neutrinoless mode is of fundamental interest, as it would signal a neutrino mass, lepton number non-conservation, or admixtures of right handed weak currents. In contrast, the existence of the 2ν mode has been firmly established (see the review in Ref [2] ). The ability to accurately describe this latter process is an important element in the interpretation of limits on neutrinoless decays. Unfortunately, it seems that 2ν matrix elements are highly suppressed and so depend sensitively on small, poorly determined parts of the nuclear wavefunctions.
Most recent calculations of 2νββ matrix elements for nuclei heavier than
48 Ca rely on the quasi-particle random phase approximation (QRPA) [2] . While this approach is computationally simple and includes many features of the two-body interaction known to be relevant for ββ decay, the calculated matrix elements are uncertain because of their great sensitivity to the J = 1 + , T = 0 particle-particle interaction [3] . The interacting shell model offers a more microscopic approach to the problem. Complete 0hω shell model calculations [4] not only recover more quenching of Gamow-Teller (GT) transitions than QRPA calculations, but also are in agreement with observations (after the universal renormalization of g A to 1.0). However, computational limitations have restricted shell model calculations of the 2νββ decay matrix element to 48 Ca, the lightest of all ββ candidates.
In this Letter we show how SMMC methods can be used to calculate 2νββ decay matrix elements. We first calculate the decay of 48 Ca in the complete pf -shell and validate our method against direct diagonalization. We then present results for the decay of 76 Ge, one of the few nuclei where the 2νββ decay has been precisely measured and where the best limits on the 0ν decay have been obtained [5] . Our calculation in the (0f 5/2 , 1p, 0g 9/2 ) orbitals, which is impractical using traditional shell model methods, is the first for 2νββ decay in such a large model space.
The 2νββ matrix element between the 0 + ground states of the initial and final even-even nuclei is given by [6] ,
Here, |0 
andĒ an average energy denominator. As there is no prescription for choosing the average energy denominator (and even the closure matrix element is usually calculated in a severely truncated basis), the uncertainty in this approximation is difficult to estimate.
To calculate the exact 2νββ matrix element, Eq. (1), we consider the function
where H is the many-body Hamiltonian and the trace is over all states of the initial nucleus.
The quantities (β − τ − τ ′ ) and τ play the role of the inverse temperature in the parent and daughter nucleus respectively. A spectral expansion of φ shows that large values of these parameters guarantee cooling to the parent and daughter ground states. In these limits, we
f is the energy release, so that a calculation of φ(τ, 0) leads directly to the closure matrix element. If we then define
and
it is easy to see that in the limit of large τ , (β−τ −τ ′ ), and T , M 2ν (T, τ ) becomes independent of these parameters and is equal to the matrix element in Eq. (1).
We use SMMC methods [7] to calculate φ(τ, τ ′ ), and hence M 2ν . These techniques scale more gently than direct diagonalization with the number of valence nucleons and single particle orbits and so allow calculations larger then possible otherwise. They are based on the discretization of the many-body propagator, e −βH , into a finite number of "time" slices, N t , each of duration ∆β = β/N t . At each time slice the-many body propagator is linearized via the Hubbard-Stratonovich transformation [8] ; observables are then calculated
as expectation values in the canonical ensemble of nuclear states.
To circumvent the "sign problem" encountered in the SMMC calculations with realistic interactions, we use the extrapolation procedure outlined in [9] . One defines a set of
Hamiltonian and H G,B are the "good" and "bad" parts of the Hamiltonian, respectively.
is free of the sign problem; the matrix elements are therefore calculated
for several values g ≤ 0 and extrapolated to g = 1. The value of χ is chosen to make the linear g-extrapolation as smooth as possible.
To validate our method, we calculated the matrix elements for 48 Ca in the complete pfshell with the KB3 interaction [10] for six equally spaced g values between -1.0 and 0.0 using χ = 4 and extrapolated to the physical result at g = 1. Each calculation involved 2500-3500 Monte Carlo samples and was performed at β = 2 MeV −1 with N t = 48. The direct diagonalization calculations for 48 Ca with which we compare our results were performed using an implementation of the Lanczos algorithm [11] . We calculated both the closure and exact matrix elements for the same Hamiltonians, H(g, χ), as used in the SMMC.
We found the slope of ln[φ(τ, 0)] to be in good agreement with that expected from the difference of the energies for 48 Ti and 48 Ca (Fig. 1) and extracted |M c | from the intercept. for some representative values of g [12] . In Fig. 2 , we show the good agreement between the SMMC matrix elements and direct diagonalization for g ≤ 0. Even though the value of χ = 4.0 was chosen to make the linear extrapolation as smooth as possible, the direct diagonalization results still have a small curvature. For the exact 2ν matrix element we obtain an extrapolated value of 0.15 ± 0.07 MeV −1 whereas the calculation of Caurier et al.
[13] (including the erratum in [10] ) gives 0.08 MeV −1 . There is thus agreement within the uncertainty.
We now apply the SMMC method to a heavier nucleus, where direct diagonalization is not possible. In particular, we calculate the 2ν matrix element for 76 Ge using an effective interaction based on the Paris potential in the (0f 5/2 , 1p, 0g 9/2 ) orbitals, with the single particle energies taken from the levels of 57 Ni relative to the 56 Ni core [14] . This interaction has been constructed using a G-matrix folded-diagram method, in close analogy with the calculations carried out by Shurpin et al. [15] and by Dean et al. [4] . The model space comprises some 10 8 configurations, so that our SMMC calculation is significantly larger than previous shell model treatments of 76 Ge [1] . While it avoids spurious excitations of the center of mass, it does not include all spin-orbit pairs of orbitals and thus does not obey the Ikeda sum rule for GT strengths. However, this model space (with the choice of an appropriate effective interaction) should adequately describe those low-lying states expected to be the most important for 2νββ decay [16] .
We performed the 76 Ge calculation at β = 2. [18] ; the discrepancies are almost certainly due to not having the g 7/2 and f 7/2 orbitals in our model space. The missing high-energy strength
should not affect the low-lying states of 76 As that are important for 2νββ decay. We find a vanishingly small β + strength for 76 Se, B(GT + ) = −0.05 ± 0.03. This strength is identically zero in the independent particle model and it is generated only by the smearing of the fermi surface due to the interaction. As our g-extrapolation takes place over a range of pairing strengths, B(GT + ) varies by almost an order of magnitude between g = −1.0 and g = 1.0, leading to large uncertainties in the physical value. A detailed study of this mass region with our effective interaction is planned.
We performed two independent sets of calculations for both the closure and the exact matrix element using the χ = 4 and χ = ∞ families of H(g, χ). The extrapolations to g = 1.0 were linear for both the closure and the exact matrix elements in both cases. Our results for the closure matrix elements are −0.36 ± 0.34 and 0.08 ± 0.17 for χ = 4 and χ = ∞ respectively. These are to be compared with the truncated shell model calculation of Haxton et al. [1] (using a different effective interaction) that resulted in a value of 2.56.
We find consistent exact matrix elements for the χ = 4 and χ = ∞ cases (Fig. 3) .
Our results are 0.12 ± 0.07 MeV −1 and 0.14 ± 0.08 MeV −1 respectively (a combined value of 0.13 ± 0.05 MeV −1 ), while the experimental value of this matrix element (using g A = 1.26) is 0.14 ± 0.01 MeV −1 [5] . However, shell model calculations of ordinary β-decay consistently suggest that g A is renormalized to 1.0 in the nuclear medium [4] , in which case the experimental matrix element is 0.22 ± 0. We have also calculated the matrix element for 76 Ge in a model space significantly larger than previous calculations, and obtain a result that is in reasonable agreement with experiment.
A more detailed description of these calculations will be given elsewhere, and work is in progress to calculate the matrix elements of several other, heavier nuclei.
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